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1. Introduction 



It is generally believed that quantum chromodynamics (QCD) is the correct theory of 
strong interactions. Because of the asymptotic freedom one can use perturbation theory 
to explain short-distance properties of hadrons. At long distances, however, the theory 
becomes strongly coupled exhibiting color confinement, and nonperturbative treatment is 
clearly required. 

As originally proposed by 't Hooft generalizing the gauge group of QCD to SU(A^) 
provides as the unique small expansion parameter if is large (in reality, A = 3). 
It is hoped that in the limit A ^ oo the problem simplifies enough to become tractable 
(while still capturing the essential dynamics), and that a systematic 1/A expansion can 
be developed around such a solution. Large-A expansion has indeed been a very fruitful 
idea in various branches of physics (see, c.f., ref. 0). In the physically most interesting 
case of QCD, however, this approach has been successfully applied only in two space- 
time dimensions, where 't Hooft solved the N = oo problem for mesons by summing 
an infinite set of planar diagrams 0. The solution is given in the form of an integral 
equation for meson spectrum and wave functions. In this approximation one finds an 
infinite tower of stable mesons with asymptotically linearly growing mass. This model was 
further studied by Callan, Coote and Gross 0, and by Einhorn who showed that the 
scattering amplitudes and the electromagnetic form factors are given completely in terms 
of asymptotic color-singlet bound states, and that no free quarks appear in the physical 
spectrum. More recently, Grinstein and Mende extended the analysis of form factors to 
the case of fiavor changing currents and used the 't Hooft model to explicitly illustrate their 
earlier argument that semileptonic B decays in the four-dimensional theory are dominated 
by a single pole in the combined limits A ^ oo, oo and 7717^ ^ [0. 

In this paper we discuss effective hamiltonians for systematic 1/A expansion in QCD 
using the light-cone quantization. The advantage of using light-cone quantization comes 
from the fact that the light-cone vacuum is an exact eigenstate of the full hamiltonian. As 
a result, light-cone Fock space methods become powerful tools in the study of relativistic 
bound-state problems A nice feature of the large- A limit in this formulation is that 
the corresponding bound-state equations become linear equations for the so-called light- 
cone wave functions*. The main idea of our approach is to construct a second-quantized 

* The Fock space formulation of the expansion of QCD has been advocated some time 
ago by C. Thorn g. 
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hamiltonian acting on the Fock space of mesons and glueballs defined by the solution of 
the N = oo problem. As usual, this hamiltonian is defined by requiring the equivalence 
of its matrix elements between the Fock space states to the matrix elements of the funda- 
mental QCD hamiltonian between asymptotic states. This efifectively defines the vertex 
functions as nested commutators of the light-cone hamiltonian with the operators creating 
asymptotic states. These commutators can be expressed solely in terms of the solutions 
of the large- A?" eigenvalue problem. Because of the structure of the light-cone hamiltonian 
and the light-cone Fock space, such effective hamiltonian will have only a finite number of 
interaction terms, but with non-local vertices. Once the vertex functions are known one 
can develop a systematic 1/N expansion by using the standard light-cone perturbation 
theory. Our method is quite general and can be easily extended to the baryon sector, as 
well as to higher dimensions, provided the planar solution is known. 

We carry out this program explicitly for the meson sector of two-dimensional QCD. 
Using the hamiltonian light-cone formalism is particularly useful in this case because it 
eliminates the need to sum gluon diagrams which are summarized in the effective Coulomb 
interaction by solving the gauge field constraint. We find only cubic and quartic interac- 
tions and derive expressions for the vertex functions in terms of 't Hooft functions. Since 
solutions of 't Hooft equation are not known in terms of standard functions, we can only 
give numerical estimates of the vertex functions. We present several examples of these 
vertex functions obtained numerically and discuss their properties relevant for the 1/N 
expansion. Using the standard light-cone perturbation theory we study the 1/N correc- 
tions to the meson spectrum and to the S-meson decay form factors, and find that 1/N 
for N — 3 is indeed effectively a small parameter. 

The outline of our presentation goes as follows. In sect. 2 we discuss the general struc- 
ture of effective hamiltonians for the 1/N expansion in QCD, independent of the dimension 
of space-time. In sect. 3 we review the light-cone quantization of two-dimensional QCD, 
and write the full light-cone hamiltonian in terms of color-singlet operators. In sect. 4 we 
rederive the bound-state equations for mesons and baryons in the large- A" limit in order to 
demonstrate power of the hamiltonian light-cone formalism which does not require sum- 
ming diagrams. In sect. 5 we present the main result of our paper - construction of the 
effective hamiltonian for mesons in two-dimensional QCD. As examples of possible appli- 
cations of our formalism we study 1/A corrections to the meson spectrum in sect. 6 and 
to the form factors in sect. 7. Finally, in sect. 8 we make some comments on the analytic 
properties, and end with conclusions and a few general remarks in sect. 9. In the appendix 
we collect explicit expressions for vertex functions. 
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2. Effective fiamiltonians 



Given the = oo solution of QCD, it would be easy to rewrite the expansion in 
a formal hamiltonian framework. The planar solution is known to be a free bosonic Fock 
space of mesons and glueballs. Let us denote their creation operator generically by . 
The asymptotic Hilbert space at = oo is then spanned by states of the form 

4...4JO), [A, A]] =5,,, (2.1) 

where the indices stand for the whole set of meson/glueball quantum numbers. 
The perturbative physics in powers of depends on the matrix elements, 

{0\A,,...A,^HAl...Al\0) , (2.2) 

where H is the full QCD hamiltonian. An equivalent second quantized hamiltonian acting 
on the asymptotic Hilbert space ( p.l|) is easily constructed by matching the matrix elements 
(U). The solution is, 

^-ff = E ^ • • ■ 'i^Ni, ip)A]^ . . . A] A,, . . . A,^ , (2.3) 

p,g 

with irreducible many-body interactions given by the matrix elements, 

H^,,,){h, . . . , . . . zp) = (0| A,, . . . A,^ [. . . [H, 4J . . . 4J |0> . (2.4) 

These quantities should be calculated from the fundamental quark-gluon theory. In par- 
ticular, we must know the expressions for A\ in terms of the fundamental variables (wave 
functions), which in turn is equivalent to diagonalization of the part of the effective 

hamiltonian (the planar, = 00, problem). Of course, this is a formidable task in prac- 
tice. As pointed out by Thorn ||], such Fock space representation of the expansion is 
very involved in the standard equal-time quantization, although it simplifies considerably 



if we adopt the light-cone quantization scheme [|T^ or, in more physical terms, if we look 
at the system from the infinite momentum frame [|Tl] . 

Let us briefiy review Thorn's argument. The main simplifying feature of the light-cone 
hamiltonians is the absence of pure positive/negative frequency terms, with the result that 
the Fock vacuum becomes an exact eigenstate of the full (interacting) hamiltonian. As 
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far as power-counting is concerned we can forget about all quantum numbers except 
color. The SU(A^) structure for the glue sector of QCD is 

Hlc ~ Tr(a^a) + --^Tr(a^a^a) + ^Th:{a)a)aa) + -^Tr {a)aa)a) + h.c. (2.5) 



where aWs an x operator-valued hermitian matrix of transverse gluon creators. It is 
then easy to see that the N = oo eigenvalue equation closes on the subspace of invariant 
states of the form 

G^\0) = E ■ ■ ■ ' ■ ■ • «!) |0) , (2.6) 

which can be represented graphically as a superposition of closed strings each containing 
/ "partons". The coefficients /(!,...,/) are usually referred to as the light-cone wave 
functions. In fact, the complete set of "string" states ( p.6| ) provides a plane-wave basis for 
Wilson loop operators, and the glueball states are clearly built directly in loop space. 

In the equal-time quantization, in addition to terms in eq. (|2.5|) , the hamiltonian con- 



tains pure positive frequency pieces, like ^Tr( a^a^a^). When these terms are included. 



the N = oo problem closes on a much more complicated space of coherent states of in- 
variant traces (previous string-like states). A simple 0-dimensional toy model from ref. 
illustrates this fact. The hamiltonian 

H = eoTr (a^a) + (tt (a^a^a^) + h.c.) (2.7) 



/N 

has eigenvalue E = —N'^eo for the eigenstate 

IV') = exp 




The form of the coherent states of loops for the real problem (|2.5| ) is not known, 
and the large- Fock space is too big even for numerical approach. As a result, the only 
hamiltonian Fock space method that could work in practice is the light-cone one. 

Using eqs. (p.4|), ( |2.5| ) and ( pT6| ) one easily finds the following structure of the effective 
light-cone hamiltonian in the glueball sector: 

i^efi - H^i,i)G^G + ^H^i,2)G^G^G + ^H^2,2)G^G^GG + ^H^^,s)G^G^G^G + h.c. 
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The planar hamiltonian is defined by the one-particle sector in this expansion, Hq = 
and its diagonalization constitutes the large- solution of the model. In gen- 
eral, is a complicated integral kernel. For example, for fields in the adjoint represen- 
tation it is given by an infinite hierarchy of integral operators, accounting for the interaction 



of partons inside strings ( |2.6| ) of arbitrary length |]T2| . The working hypothesis in this whole 
approach is that only a small number of partons contributes significantly to the low-lying 
states. This goes under the name of light-cone Tamm-Dancoff approximation |]T^ and nu- 
merical approaches, like the discretized light-cone method automatically incorporate 
such Fock space truncations. Encouraging evidence for the validity of this procedure is 
found in the analysis of simple two-dimensional models with complicated loop space, like 
two-dimensional QCD with adjoint matter [|T2 . 



The actual computation of the kernels ( |2.4D involves numerical analysis even in the 
simplest possible case, the 't Hooft model. However, an interesting general feature of the 



light-cone effective hamiltonians (2^) is that they contain only a finite number of vertices, 
albeit non-local ones. These non-local vertices replace the infinite tower of higher-derivative 
operators in usual local expansions of effective lagrangians. The relation between our light- 
cone hamiltonians and the standard covariant effective lagrangians is very much the same 
as the relation between light-cone string field theory and covariant string field theory: the 
former has only cubic interactions while the latter has a non-polynomial action. 

As a final remark, we point out that by construction ( |2.4|) only depends on the me- 
son/glueball quantum numbers, while the fundamental hamiltonian H depends on all 
quark/gluon quantum numbers. Thus, deriving (|2.4|) involves "integrating out" part of 
the microscopic degrees of freedom, justifying the use of the word "effective". However, 
it is important to note that no low-energy expansion is assumed, at least in principle, as 
long as the large- problem is solved exactly. The nature of the approximation is more 
similar to the Born-Oppenheimer method, where fast and slow variables are decoupled 
at the level of wave functions. The effective hamiltonians considered here give the exact 
answer for perturbative questions about the free asymptotic Fock space, like correc- 
tions to scattering amplitudes and self-energies, but their description of "nuclear physics" 
is only approximate. For example, exotics would be treated as meson bound states, rather 
than four-quark bound states, in exact analogy with the Born-Oppenheimer decoupling in 
molecular physics. 



In the remainder of this paper we study in detail the effective hght-cone hamiltonian 
for two-dimensional QCD. In this case one can integrate out the gluons by solving the 
light-cone gauge constraint, and the large- A?" Fock space has a simple structure encoded in 
the solutions of 't Hooft's bound-state equation. This model illustrates many of the issues 
involved in the large- A?" approach and the structure we find is very similar to the one of 
four-dimensional QCD in the valence approximation (constituent quark model). 



3. The two-dimensional model 

In this section we review the light-cone quantization of two-dimensional QCD with 
Nf flavors of quarks in the fundamental representation of SU(Ar), and fix the notation to 
be used throughout the paper. The model is given by the lagrangian, 

C = --TrF^ + J2i^j{ilp-mj)i^j , (3-1) 

where iDf^ = id^ — gA^^T"" , and the SU(A^) generators, T", are normalized as 

Tr [T^T^) = S""^ , (3.2a) 

T^pT^s = SaS^p-^ - SafsSjs ■ (3.2b) 

a 

We shall work in the light-cone coordinates x"^ = {x^ ± x^)/V^, and use the following 
representation for 7-matrices: 7° = (72,7^ = iai. The light-cone hamiltonian, P~ , and 
momentum, P'^, are given by 

= J , (3.3) 

a;+=const. 

where T^^'^ is the energy-momentum tensor. In the light-cone quantization one takes x'^ = 
const, as initial value surfaces for the light-cone hamiltonian. 

In the studies of gauge theories on the light cone, it is most convenient to work in the 
light-cone gauge. A- = 0, which introduces the following constraints: 



Nf 

a;+=const. 



V;,-7+T>,-|phys) = 0. 
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The first constraint projects out a component of tlie quark field and it is purely kinematical. 
The solution of the second constraint, 

Nf 

^+ = ^E7^^^-^^^"^^' (3-5) 

induces the well-known Coulomb potential between the fermion currents, which is respon- 
sible for all the static properties of the model. The zero-mode of the gauge field A" does 
not enter the second constraint. Direct integration over this zero-mode leads to the third 
constraint which restricts the Fock space states to color singlets. The last two constraints 
therefore entail the confinement property of the model. After solving constraints ( |3.4|) the 
light-cone hamiltonian reads, 

P-= I (E 9| ^ + 5: 7^ i^T^i^^)) , (3.6) 

x+=const. 

and the light-cone momentum is given by, 

P^ = ^J2 I ^fd-^J- (3-7) 

a;+=const. 



In eqs. ( |3.6|) and (|3.7| ) tpj represents physical degree of freedom - the projected out fermion 



field: j ^ ^ 7 l^i'j- 

In order to exhibit the power counting, it is convenient to rewrite P~ in a Fock 
space representation. This is straightforward upon introducing the mode expansion: 

1 dk+ ,,,, -ik+x- . ik+x-\ 

V',,a = ^y^ -j=[bj,^{k+)e +4jk+)e j, (3.8) 

where a is a color index, and the operators b and d satisfy canonical anticommutation 
relations: 

{b^Ak+):blp{p+)} = {d,Ak+),d]Ap+)} = 5^p5,, 5{k+-p+) . (3.9) 

(The normalization of tj) is chosen to close the Poincare algebra.) To simplify notation we 
introduce a collective index k = (/c+, i) to denote both momentum k~^ and the flavor index 
i. In this notation 

Nf 



J ^=l I 



After normal ordering the fermion bilinears, the hght-cone hamiltonian ( |3.6| ) can be 
written in the creation-annihilation basis in terms of color-singlet operators: 

a 

a 

These operators have obvious physical meaning. For example, mIj^, (Mkk') creates (an- 
nihilates) a meson in which quark of flavor i carries momentum k~^, while the antiquark 
of flavor i' carries momentum k'~^ . Similarly, Bkk' {Dkk') counts the number of quarks 
(antiquarks) . It is convenient to write P~ as a sum of three terms, 

p- =T + V + Vsing . (3.11) 

The kinetic energy, T, is given by 
with the renormalized mass 

2 2 9^Nf^ 1 



(3.12) 



TV \ 2m J ' 



The potential energy, V , is given by 



V = - 



j d/c d/c' dp dp' {k,mm Mlf^,Mpp' + /Cmb M^^/ -Bpp' 



4n 

+ A^MD mI,, Dppf + /Cbd Bkk' Dpp> + /Cbb Bkk' Bpp' (3-14) 



+ /Cdd Dkk' Dppi -f h. c. 



with the kernels given exphcitly by: 



MM 



^BB — •'Cdd 



SijSi'jr ^ 1 5iii5jji 



1 



2N 



Sij'Sji' ^ 1 Sii'Sjj' 



{k+ ~p'+Y N {k+ ~ k'+ 



MB 



2 



+ 



1 Sii'Sjj' 



{k+ -p'+Y N {k+ + k'+Y 



MD 



SijSi'ji 



+ 



1 5j j 



BD 



(A;++p+)2 iV (fc+ + fc'+)2 
SijSi'j' ^ 1 Sii'Sjj' 



S{k+ + k'+ -p+ -p'+) , 

S{k+ - k'+ + p+ - p'+) 
S{k+ + k'+ + p+ ~ p'+) , 
S{k+ + k'+ +P+ -p'+) , 



(3.15) 



[{k++p+Y N {k+- k'+Y_ 
The singular term, Kiing, reads 



5(/c"'~ — k'^ + p"*" — p 



An 



^[jdkt dkt llf_f^l]l ) J (Bkk + D,,) + O (N^) . (3.16) 



The constant term O (A^^), which we did not write down explicitly, is an infinite vacuum 
energy and appears as a result of our choice of normal ordering. Had we started with 
the completely normal-ordered hamiltonian, : P~ :, we would obtain a finite result with 
unshifted mass {rfij = rrij). In fact, the precise definition of the quark mass (being the 
mass of a colored object) is a matter of convenience. In the next section we will comment 



more on this issue. The singular term (|3.16|) arises because of our convention to write BB 
and DD terms in ( |3.14| ) as color singlet operators, and it cancels against similar terms in 
V when we compute matrix elements between meson states. This completes the definition 
of the model which we study in the rest of this paper. 



4. The 't Hooft equation 

In this section we summarize the large- A^ solution of two-dimensional QCD found by 
't Hooft 0. We emphasize the power of the light-cone method in deriving bound-state 
equations, since no diagrams need to be considered. In fact, all gluon diagrams are summed 
over by means of the effective Coulomb interaction ( |3.5| ) (see ref. ||14|| ). 
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According to power counting in eq. (|3.15| ), the dominant term in the interaction 
hamiltonian corresponds to the MM interaction, 

^MM = / KmmMI^Mpp' . (4.1) 

It is now straightforward to recover 't Hooft equation by evaluating the action of the 
operator Vmm on general one-meson states of the form, 

|(^,j/,P+) = Vp^ / dx(/>(x)Mt(xP+,i;(l-x)P+,/)|0) . (4.2) 

This is a normalized one-meson state with total light-cone momentum P+, light-cone wave 
function (j){x) and flavors j and j' for quark and antiquark, respectively. The variable x has 
the physical interpretation of the fraction of light-cone momentum carried by the quark. 

So, to leading order in 1/A^ the action of P~ on the wave function (j){x) is given by 



2P+ 



2 ^2 



3 



+ ^^)4>ix)-- f dy 



X 1 — xJ Jo — yy 



+ (4^1 . (4.3) 



Here we have absorbed the mass shift = — g'^N/n into the integral operator by 
means of the identity, 

dy 1 



f 

Jo 



'o - vY a^(l - 

As it was previously announced, the action of the divergent piece on the hamiltonian Kiing 
on meson states is completely cancelled by contributions from the BB and DD terms. In 
eq. ( [1.3| ) we deal with the infrared divergences of the potential energy by means of the 
principal value analytic regularization, which is known to give the correct physical results 
for this theory . 



There are corrections to the bound-state equation coming from the subleading "sin- 
glet" terms in the MM, BB, DD and BD kernels. Their total effect amounts to a simple 
renormalization of the coupling constant ^ g'^ = g^{l — l/N"^). As a result, the 1/A^- 
corrected bound-state equation, = 2P+P~, reads: 



\ X 1 — xJ Jo ~ y) 

This is the standard 't Hooft equation with a definition of constituent quark mass com- 
patible with the appearance of a pion in the chiral limit. Namely, as m — then (p = 1 
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becomes a solution with n = 0. Other, less "physical" , definitions of the quark mass are 
also possible. For example, in the totally normal-ordered hamiltonian m is not shifted by 
the coupling constant and the large- chiral symmetry point would be at = —g'^N/ir. 

We have seen that corrections to the 't Hooft equation coming from the one- 
meson sector are relatively mild and amount simply to a redefinition of the coupling. In 
fact, these corrections are kinematical and do not occur for a U(A^) gauge group, since 
they ultimately come from the traceless character of the generators ( p.2b|) . The remaining 



corrections are non-trivial and correspond to meson exchange, as will be discussed in 
sect. 6. 

The power of the light-cone method in deriving bound-state equations is not restricted 
to the meson sector. As an illustration we quote here the bound-state equation for baryons 



in the large- limit |jT^, which can be derived by acting with P on baryon states of the 
form, 

\B) = [ <l>{h, m4= e-^-^-blih) . . .6L(M|0) . 
J{k} VN\ 

Here we consider a single fiavored "proton" for simplicity. Acting on this type of states 
only the BB term in V contributes to leading order and we obtain, 

,2 ^ ^2 



1=1 * 



g'^N 1 f ^(/ci,...,p, ...,A;i + /cj -p, ...,/cAr) 



2n ^.NJ " {p-h)^ 

This is a relativistic hamiltonian equation describing pairwise interactions of order 
among quarks, as expected on physical grounds. The Hartree approximation proposed 
by Witten [|T^ in a non-relativistic context can be implemented in this relativistic model 



in explicit hamiltonian form. Finally, we note that an effective hamiltonian to compute 
interactions could be derived along the lines of sect. 2, with selection rules, 

^ i^eff ~ H(^i,i)B^B + ^ i7(2,2) B^B^BB + A^Hbm {M^B^B + B^BM) , 



where the last term corresponds to meson emission by baryons. 
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5. Effective meson fiamiltonian 



In this section we construct the effective hamiltonian which summarizes the 1/N 
expansion of two-dimensional QCD. The derivation follows the general discussion in sect. 2, 
with the meson creation operators given by: 

M\n,jj\P+) = ^fP^ [ dx(l)n{x)M\xP+J;{l-x)P+j') , (5.1) 



where 4>n{x) is the solution of the bound-state equation (|4.4| ). These operators are nor- 
malized to leading order as, 

[M{n,jj\P+),M\m,ll\Q+)\ = dnn.Sjidj>i'S{P+ - Q+) . (5.2) 

The commutator of Ai and Ai^ contains some sub leading extra terms corresponding to 
the fact that the states A^^|0) as defined in (|5.1| ) are orthonormal only in the large- 
limit. However, within perturbation theory we are interested in matrix elements of 
the hamiltonian in the N = oo orthonormal basis. Therefore, when computing the nested 
commutators in ( p.4|) we use (|5.2|) , neglecting corrections to the normalization of the 
asymptotic states. In this way we always work with the planar asymptotic states and 
ensure the consistency of the method. 

Using the basic commutators, 

[B,,,,Ml,]=5k'pMl' , ^^g^ 



the computation of the nested commutators in ( |2.4|) is long but entirely straightforward. 
We find the following structure: 



P-^ = i^d.DA^^A^ + ^ (if(i,2) + ^^(1,2)) {M^M^M + M^MM) 



(5.4) 



where the primes refer to the "singlet" subleading terms in the kernels ( p.l5| ). An in- 
teresting feature of this hamiltonian is that it has only a finite number of terms (cubic 
and quartic interaction). This is so because in the light-cone gauge both single- meson 
states ( ^.1|) and the fundamental QCD hamiltonian (|3.12| ), (|3.14| ), (|3.16| ) are polynomials 
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in J D. From the properties of commutators (|5.2| ) and (|5.3| ) it then follows that 

the nested commutator will eventually vanish. In the equal-time formalism meson states 
are complicated "coherent" states in terms of and it is not a priori obvious that the 
effective hamiltonian would terminate. 

After solving the 't Hooft equation, H{i,i) becomes the standard kinetic energy for 
free mesons, 

^eff,o=E rdP^^^^0^MHn,jj',P+)M{n,jf,P+). (5.5) 

The three-meson coupling picks contributions only from the B and M^D terms, 

^i?(i,2) + ]^^(i,2) ~ {0\MM [Vmb + Vmd. |0> , (5.6) 
while the four-meson vertex depends on the BB, DD and BD terms, 

^i^(2,2) + ^^('2,2) ~ (0|A^A^[[yBB + ^DD + ^BD,^^],^^]|0> . (5.7) 

Before writing the answer for the vertices it is convenient to introduce some notational 
devices. Let us define the charge conjugation operator, C, which interchanges quarks and 
antiquarks (6^ and operators). Acting on wave functions and flavor indices we have, 

C[f{j,j')<P{x)]=f{j',mi-x) . (5.8) 

This operator simplifles the computations because it relates the kernels in ( 3.14| ) as 
C(/Cmb) = —l^M'D and C(/Cbb) = A^dd- We also define the permutation operators Vl 
(Pr) on initial (final) labels, with obvious action on all quantum numbers and variables. 
Finally, from all vertices we extract a factor of the form: 

ii(in,out) - — ^ [in ^ outj . (5.9) 

legs, I 

We classify vertices by the different flavor structures. For the leading three-meson 
interactions (|5.6|) we flnd two independent flavor structures which we write as 

2\/N 

(5.10) 

2Ny/N 
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For example, the two flavor structures of the leading term in eq. ( 5.10 ) explicitly read: 



In the above formulae £, L labels refer to initial particles and r, R to final ones. Also 
u = P^^/P^^ denotes the light-cone momentum fraction carried by particle T is a 
convolution of wave functions which determines all leading form factors [|^, and T' is the 
subleading triple-meson vertex. All vertex functions are explicitly listed in Appendix A. 

Regarding the four-meson vertices ( ^.7|) we separate BB + DD and BD contributions. 
In the first case there are two flavor structures coming from both the leading and the singlet 
terms: 

[L1L2 RlR2]-Q2^D2 = (l + 'Pi?) 8£^ri8i'^r'^5l2r2^e.'^r'^^B-^+Ii-^{LlL2;z\RlR2;Uj) 



1 



+ hirt5l'^r[h2r2h'^r'^^B^+Y)-2{L'i^L'2;z\RlR2;0j) , 

(5.11) 

where z = Pg^/P^ is the analog of u for the initial state. Finally, from the BD terms we 
find four leading flavor structures and two subleading ones: 



[L1L2 RiR2]^j^ = — {I + 'Pl + 'Pr + C) ^l^rr^e^l2^t'^r'J>T\r2 ^Bd(-^1-^2; z\RxR2\ 
1 



^e2r'2^(.\r'^ ^Bd(-^1-^2; z\R\R2; w) 



(5.12) 






(a) (b) (c) 

Fig. 1: Graphical representation of vertices (5.10), (5.11) and (^.12|). 



We represent vertices ( p.lO| ), (|5.11| ) and ( |5.12| ) graphically as shown in figs, la, lb and Ic, 
respectively. 

With the explicit expressions for the vertex functions, T and JF, listed in Appendix A, 
we have completed the description of the effective meson hamiltonian of two-dimensional 
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QCD, which may now be used to compute systematic corrections to meson scattering 
amphtudes and spectrum. 

The solutions of 't Hooft equation are not known analytically and we can only evaluate 
our vertex functions numerically. To solve 't Hooft equation we used the Multhopp's 
method to transform it into an infinite system of algebraic equations which is then solved 



approximately by truncation. This method was first applied to eq. (|4.4|) in ref. [0, and 
later used in refs. [|6i[T9[|. (For a nice summary of the method which we closely follow, see 
appendix of ref. [^.) For moderate mass of the light quark results are independent of 
truncation already with several hundreds of equations. Near the chiral limit (m^ 0), 
the convergence becomes quite slow and the discretized light-cone method may be a better 
option. Some examples of T functions can be seen in fig. 5 in sect. 8. 

Since we have a light-cone hamiltonian we must use light-cone perturbation theory, 
which is in fact a time-ordered perturbation scheme (see, c.f., ref. 0). It is very similar 
to old-fashioned perturbation theory, although it is much simpler due to the absence of 
vacuum subgraphs (there are no pure positive/negative frequency terms in the light-cone 
hamiltonian) . It is defined through the Born expansion of the complete propagator between 
light-cone wave functions: 



out 



in > = ( out 



1 



1 



m 



(5.13) 



m 



E-Pq +iQ ' E-Pg + iO 

Here E = id/dx~^ is the light-cone energy operator, and we split the effective hamiltonian 
into free and interaction parts 

Pe« = Po+PF : 

with Pq~ given by (pT5|). We evaluate ( [5.13| ) by inserting the spectral decomposition of 
unity between any two interactions: 



M\...M^j^\0){0\Mi...Mk 



This algorithm determines the corresponding graphical rules, which have the same 
symmetry factors as the Feynman rules once the factor l/p\q\ has been extracted from each 
vertex as in eq. (|2.3|). One could also recover this perturbative expansion from covariant 
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perturbation theory in the fundamental quark/gluon variables. After going to the light- 
cone gauge, the integrals over intermediate k~ components of momenta can be evaluated 
by residue calculus. For each pole one finds the corresponding time-ordered process of 
light-cone perturbation theory. Within Feynman's ie prescription and 't Hooft's principal 
value prescription one can explicitly show the equivalence diagram by diagram [^. The 
main advantage of our method is that the gluons are integrated out from the very beginning 
and there is no need to consider Bethe-Salpeter techniques. 



6. corrections to the spectrum 

With the effective hamiltonian ( ^.4|) at hand we may compute the mixing mass matrix 
for mesons in light-cone perturbation theory by the usual procedure of summing the one- 
particle irreducible (IPI) geometric series for the propagator: 



p2 _ ^(0)2 _ 5](p2^ 



and we obtain the mixing matrix: 



(6.1) 



where Hn^"^ stands for the large- spectrum of eq. (|4.4|) . The leading 1/N contribution to 
the self-energy matrix comes from bubble diagrams with three- meson vertices ( |5.10| ) . 
Let us consider, as an example, a two-flavor model with heavy (Q) and light (g) quarks. 
We can then form two-dimensional analogs of pions (gg), B mesons (Qg), B mesons (gQ) 
and ?7b mesons {QQ)- 



m,k 




71, 



m,k 




B. 



(a) 



(b) 



Fig. 2: Diagrams contributing to Bn-Bn' mixing. 
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For example, to leading order there is no B-n or B-r] mixing. The leading contribu- 
tions to Bn-Bn' mixing are given by the diagrams in fig. 2. For the physical values of the 
masses, diagrams in fig. 2b are strongly supressed compared to those in fig. 2a. We quote 
here the result for tt, B exchange - diagram 2a: 



1 fg^N\^ ^^TiBn\Bk7r^;z)T{Bn'\Bk7rr^;z) 



where 



B,^ channel ^ / J G {z - Z+){z - Z 



7 



(6.2) 



and /U-j- = (U^.*^-* ± , with the standard ie prescription implicit in ( |6.2|) . This formula 
clearly exhibits the threshold structure. In particular, in a low-energy approximation we 
may simplify expression (|6.2|) by setting the vertex functions equal to the on-shell values 
Tnkm, and we get the standard form of the bubble diagram: 



^ 2 



k,m y'b^ -//^)(p2 ^ 

where we recognize the usual threshold function. 

We have calculated numerically several elements of the E-matrix as given by formula 
( |6.2| ) for three different values of the light quark mass: = 0.3136, 0.1, 0.01 , and for the 
heavy quark mass mg = 2000. In the units g'^N/n = 1, the large- value of the B meson 
ground state mass is found to be /i^^^ = 2121, 2101, 2089, respectively. The on-shell values 
of Eoo for = 3 are found to be: —52, —318, —1560. (Note the negative sign, typical of 
second order perturbation theory about the ground state.) We have checked that the 
contributions with larger values of the excitation numbers, k and m, in eq. (|6.2| ) quickly 
become very small. We note, however, that the largest contributions to Eqo come from 
diagrams involving odd S-resonances in the intermediate state, and similar results are 
obtained for En and E22- The vertex functions with odd S-resonances in the final state 
become very large as we approach the chiral limit for the light quark mass. In addition, 
the bubble diagram for the diagonal elements of the self-energy matrix is anomalously 
large, because the T functions enter squared, and no destructive interference between the 
vertices occurs. This symmetry enhancement is not present for the off-diagonal elements 
of the self-energy matrix. For example, for the mixing between the first S-resonance and 
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the fundamental state we find Eqi = 7, 116, 760 for the different hght quark masses. We 
see that the mixings are much smaUer than the diagonal level shifts, but still, they seem to 
blow up as we approach the chiral limit rUg —>■ 0. These uncontrolable large corrections for 
light quark mass do not mean that the 1/A^ expansion is sick, but rather that the chiral 
limit does not survive 1/A^ corrections. In fact, the renormalization procedure that fixes 
the quark masses must be repeated at any order in the perturbative expansion, and the 
large values of the self-energy matrix translate into large renormalizations of the quark 
masses, but still small overall corrections to the physical spectrum. 

To see how this works, let us denote by cr„(p^) the eigenvalues of the self-energy 
matrix. These quantities depend on p'^ and also on the dimensionless parameters of the 
the 't Hooft equation: 

To any order in 1/A^ the quark masses are determined by fitting the mass of the funda- 
mental states TTo and So to the "experimental" pion and B meson masses: 

fJ'O^'^ixq, xq) + ao(xg, XQ, ^l) = lil . (6.4) 

Taking //q to be the mass of pion or B meson we get two equations that fix Xq and xq. 
The rest of the spectrum //^ is then obtained from the following implicit equation: 



(°)2(Xg,XQ) +(J„(Xg,XQ,^^) = . (6.5) 



We can illustrate the renormalization of the quark masses in a simple example. For 
a qualitative discussion, let us neglect the heavy quark mass running and fix xq = 2000. 
We will consider the contribution to the light quark renormalization coming from the B- 
resonances only, and furthermore neglect the off-diagonal mixings. We define the mass of 
the fundamental B meson to be: 

2101 = n'^^^{xg = 0.1) . 
This equation means that the mass of the light quark at = oo is taken to be Xg = 0.1. 



The 1/A^-corrected value of Xq is obtained by solving the equation (|6.4| ) 

2101 = ;u{,°^^(xJ+(Jo(xg,p2 = 2101) . 
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A simple estimate follows from linear interpolation between two points: at Xq = 0.1, 

(Tob^ = 2101) ~ Eoob^ = 2101) 320, and at Xq = 0.3136, ao(p2 = 2101) 52. This 

results in an estimate of the renormalized quark mass of Xq 0.34. We obtain a larger 
mass, for which the self-energy corrections are again small. For this value of the quark 
masses, the typical shifts found from equation (6.5) for = 3 are, 

^-4- ~ 2.5% . 

So, taking into account that the self-energy diagram is anomalously large, as explained 
before, we see that the typical 1/N corrections are small, and the apparent singularity for 
very light quarks simply means that the interacting theory restores the chiral symmetry, 
if broken in the free N = oo theory. In general, the fact that the self-energy corrections 
are large and negative as ruq 0, implies that the chiral symmetry renormalization point 
niq = is unstable under 1/N corrections, and the whole picture agrees with Coleman's 
theorem, which forbids spontaneous symmetry breaking in two dimensions. 

As a final comment, we point out that ct„ also induces a wave function renormalization, 

^ (6.6) 



1 _ 0£2L('„2 _ ,,2 



which in turn amounts to extra 1/A corrections to the vertices, to be added to the trivial 
1/A^ correction coming from the renormalization of g ^ g: 

T{L\RiR2) ^ ^/ZlZr^Zr^ T{L\RiR2) , (6.7) 

and similarly for the JF functions. 



7. corrections to form factors 

The planar limit of the electromagnetic form factors of (1 + 1) -dimensional QCD 
was derived in ref. . Recently, in ref. , the analysis was extended to the case of flavor 
changing currents, in order to simulate semileptonic heavy meson decays in two dimensions. 
According to ref. the form factors for semileptonic decays of B mesons are single-pole 
dominated in the combined limits: A — ^ oo. Mi, oo and m^r — in the four-dimensional 
theory. The argument goes schematically as follows: one flrst writes the form factor as a 
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superposition of pole terms, according to the spectral decomposition at = oo (narrow 
width approximation), 

and then uses the heavy quark limit to prove the vanishing of all C's but one, by means 
of chiral Ward identities. 

This argument was tested in ref. in planar two-dimensional QCD. It turns out 
that the heavy quark mass limit is not neccesary in two dimensions due to the constrained 
kinematics, and the single pole dominance is easily obtained in the chiral limit for the 
pions. The nature of the corrections to this behavior can be easily studied using 
the formalism we have developed here. As an example, we will again consider a two-flavor 
model as in sect. 6. Since two-dimensional vector and axial currents are dual of each other, 
we only need to consider the coupling of mesons to the flavor-changing vector current: 

J^, = ^Q^i^q ■ 

In order to derive effective meson-current vertices to be used in the perturbation 
theory, we will couple the quark current to a background vector field in a minimal fashion: 

Pq, = ^ j [J^,W, +h.c) . (7.1) 

x+=const. 

After solving for the physical fermion fields we have, 
Pq, = eV2 j (: : + ^ : {-^Jo)' Q-J.) ■ W- + h.c.) . (7.2) 

x+ =const. 

Defining a Fock space for the vector bosons, 
[a{k+),a\k'+)] =S{k+ -k'+) , 



(7.3) 



we derive a meson- vector boson effective hamiltonian along the lines of sect. 2 with the 
result: 

+ H^M^M+w) a^M^M + H^M+w^M) Ma . 
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An interesting feature of this hamiltonian is the absence of direct W M+M or M+M 
W transitions. This fact wiU be of some significance in the sequel. The effective vertices 



in ( [7.4|) may be computed from the general formula (2^), with the result: 
• B — mixing: 



H+[B^{P+) ^ W+{q+)] = ±6{P+-q+^ — 



P+ 



(7.5) 



H- [B^{P+)^W-{q+] 
emission hy Q {z = /P^] 



^ IJlqlTlQ 



^ — 6{P+-q+)- , , . 

27r 2q+y/P+ Jo x(l - x) 



dx 



^bAx 



H+ [B^{P+) 7r^(P+) + W+iq+)] = f 5{P+ - q+ - P+) 

Ztv 



H- [B^{P^ 



X / dx(t)B„{z + {1 - z)x)(f)^^{x) 



P^J_ 

P+q+ 



(7.6) 



X 



mqUlQ 



2P+P+ Jo (1 - x) [1 - z - (1 - z)x\ ' 
Analogous expressions hold for emission by ^, with the following modifications of 
([TBI): there is an overall minus sign, TTm is substituted by in the final state, and 
z + {1 — z)x ^ (1 — z)x inside the integrals. 

Given the complete effective hamiltonian, including ( |7.4| ), we are in position to com- 
pute form factors. Let us consider the time-like form factor defined as the light-cone IPI 
amplitude for decay into on-shell B and tt mesons: 

F^{q^) = c(B{uq+); 7r((l - u)q+) (q- - P^)- 



1 



(q- -Pn") W^{q+' 

p-„ + iO^ ° ^ '/iPi 



eff 



(7.7) 

In this formula the factors {q~ — Pq) amputate external propagators, and the constant 



C^^q\/P+P+ 



defines compatible with the conventions in ref. [0. Also, uj = P^ /q'^ is the light-cone 
momentum fraction carried by the B meson. It becomes a function of q^ once conservation 
of light-cone energy is enforced for on-shell B and tt mesons. 



^2 ^ ^ _^ 1^1 
U) 1 — U) 



(7.8) 
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Fig. 3: Form factor diagram for the decay W B + tt. 



The expansion of the form factor is generated by expanding the propagator 
in ( [7.7|) . The first term (free propagation) vanishes because of the kinematics, and the 
second term (one intermediate interaction) also vanishes because there are no couphngs 
for direct decay of into two mesons in our effective hamiltonian ( |7.4| ). So, the O (1) 
contribution involves at least two intermediate interactions, and we can separate it from 
the corrections as (see fig. 3): 



xc/m,M. ' ^^^^^^ ' 



M1M2 

' iPi 



(7.9) 



w~- 



IPI 



q- - Pq" + ^0 2^fN q- - Pq + iO 

where H(2 ^ 1) stands for -^(2,1) + -f^(2 1)/^ ■ '^^^ intermediate state of two mesons is 
either a Bi, TCm state or a Bi, rjm state, and the corresponding propagator and measure 
contribute a factor: 



Jo 



2q+ 



2 _ i4 - ifL 
y z 1-2 



where m is the mass of Bi and Hm that of tt^ or rjm- Also, z = P^^jq^ is the light-cone 
momentum fraction of the Bn resonance, and the extra factor q^ is the Jacobian from the 
intermediate light-cone momenta to the momentum fraction z. The remaining propagator 
in formula (|T]^) carries a B^ resonance of mass [i^, created out of the vacuum by the 
current, and it contributes a factor 2q'^ /{q^ — fx'^). 

Now, putting everything together, in terms of the meson decay constant, = 
J dx 4>n{,x), we can write: 



F+(g) = 2Q+-— 

(7.10) 



2, 1 g'N ^ i-rUt^'Mq') 



q+ TV ^ - 
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In the second relation we have made use of the so-caUed parity relation, 



mqiriQ / dx 



\n..2 



which was proved in ref. [Q. The function Tn{q'^) contains all corrections and is of 
the form: 



T„(q2) _ r{Br,\BT:-u) + ^r{Br,\B'K-u) + ^Tr,{q^] 



(7.11) 



Here we separated the leading term from the first correction, given by the singlet three- 
meson coupling, and AT„ which includes meson exchange: 



™ -'0 



T{B^\B^T^^-z) + -r\B^\B, 

^7715 Z) 



X 



z{l - z) 2 _ - iiL 

" Z 1 — 2 



G{Bi Tim] z\B tt; u) + (^(tt^ Bf, 1 - z\B tt; 



1 



r{Br,\r]m Bi; 1 - z) + —T'{Br,\B£r]m; z) 



+ ^2 



'w(l-w) 2(q+) 
^(1 — z) (j2 _ t!l — £^1 



l-z 



G{Be r]m; z\B tt; uj) + G{r]m Bf, 1 - z\B tt; uj) 



(7.12) 



G(2meson|i? tt; tj) represents the amputated Green's function for the (2 meson ^ B n) 



transition in formula (|7.9| ). To leading order (1/A^), there are nine diagrams contributing 
to the various four-point Green's functions G. They are listed in fig. 4 with the correspondig 
combinatorial factors. We have either irreducible four-meson vertices for direct processes 
like {Be, itm) {B, tt), or two sucessive three-meson interactions coming with two different 
time orderings, like [Bi, tt^) {Be, nk, n) {B, n) and [Be, tt^) (S, nk, tt^) {B, tt). 
For example, the total O (1/A^) contribution to ATn due to B, rj exchange is given by the 
diagrams 4c, 4h and 4i. The remaining six diagrams correspond to B, tt exchange. Because 
of the propagator supression diagrams 4f and 4g are smaller than diagrams 4a, 4b, 4d and 
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4e which read: 

3,17 chann 



el 



1 g^N 

'N tt 



q^{z - z+){z - Z-) 



X <j J^B^+D^iBeT^m] z\B n;uj) + -TBDiBiTtm] z\B 7t;uj) 



TT 



k 

fc+m=odd 



9{uj — z) OJZ 



fM^{z — U!Z'_^_){Z — U}Z'_) 



+ e{z - u) {I ~ uj){i - z) 



T{B,\B'K^-^ 



)T(7r|7rfc Tim] Y- 



^l{z-{l-u:)zl){z~{l-u)z'L) 
where z± variables are defined in terms of the function 



(7.13) 



+ 



Zibip") = ^ (^'^ + ^+^- ± ^(1^'-^+)^'-^-)) ' ^± = ± , (7.14) 



by the equations: 



Jl — '7± ^ ,,2 



We see how light-cone perturbation theory makes explicit the spectral decomposition 
(unitarity). Looking at the cuts induced by the functions ( [7.14| ) we identify the thresholds 
for B^ — s> Bi,njn in all diagrams [from the common factor in ( [7.13|) ]. The thresholds for 
7r^, Bi —>■ B and n^, can also be identified in the last two diagrams, as functions of 

/i^ and /x^, respectively. As usual, the pseudo-thresholds at /x_ should fall on unphysical 
sheets. 

In order to estimate the size of 1/A^ corrections to the form factors, we evaluated 
numerically some contributions to AT„(q'^) for i?,7r channel given by expression ( [7.13|) . 
We performed calculations for n = 2 (which corresponds to the first state above threshold) , 
and at the on-shell value of = /j-'b^- The bare quark masses we used are: = 
0.3136 and mg = 2000. The leading order contribution to the form factor in this case is 
T(i?2, -Btt; Won-sheii) ~ 37. We estimated a number of terms in the sum in eq. ( [7.13|) and 
found that the largest contributions from the T x JF terms are ~ 0.5 — 0.1, while those 
of T X T X T are ~ 5 x 10~^. Also, these values decrease for higher resonances in the 
intermediate states. We also found that not all terms we calculated have the same sign 
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which makes bounding the total contribution a httle difficult. However, it is safe to say that 
the correction is not larger than 1 — 2%. We also mention that the correction coming 
from the subleading three-meson coupling jj T' {B2, Bit; Uon-sheii) ~ 0.8 (for = 3). 
Finally, we expect these corrections to become much larger as we approach the chiral limit 
(as was the case with corrections to the spectrum discussed in sect. 6). When computing 
form factors, however, one should use the renormalized values of the quark masses, and 
our previous analysis suggests that even if we start with a light quark mass close to the 
chiral limit, corrections will renormalize it to ~ 0.3 — 0.4. This explains our choice of 
parameters mentioned above. Although it might be interesting to explore these questions 
in more detail, as well as to estimate ATn{q'^) for different values of (as is shown for 
the leading contribution in Fig. 5), it is beyond our computational resources at this time 
to perform such calculations. 

The expansion we have derived for F^{q^) is all we need to get both vector and 
axial current form factors. It is convenient to define the combinations f±[q'^) through: 

q,F>^iq') = if^l-f^l)f+iq')+q'f-iq') , 

(7.15) 

e^.q^F'^iq') = 2e^.p%p'^f+iq^) . 

In solving for f± from (|7.15| ) and (|7.10| ) one encounters some non-trivial steps. Namely, 
non-pole terms vanish because of the identity* 

00 

J2fnTn{q')=0 . 

This relation can be proved using the explicit form of T(i?^| 2 mesons) and T'{Bn\2 mesons) 
listed in Appendix A, and the identity: 

Y,fnMx)=l, (7.16) 

n 

which for x G [0, 1] follows from the definition of and the completeness of the wave 
functions [^. 

Defining the generalized coupling Qn as 

gniq"^) = „2 ^^T^iq'^) , for evenn , 



!iB_ 2^ TV 
gn{q^) = 2/U^ Tn{q^) , for oddn . 

TT 



(7.17) 



The same identity was found to leading order in ref. Q. 
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the final result for f± reads: 



2\ fndr, 



^ ?2 _ 2 ' 

even n " 



(7.18) 

1 i" 2 2 ^ 

J ^^2-j _ J_ Jn9n _ f^B ~ l^n Jn9n 

f^t ^ ^^^^^ f^t ^ J / 2 2 ^^^^^ 



^ ~ /"n 9^ ^ q2 _ ^2 

oddn ' " evenn " 



So, we see that the 1 jN expansion we derived for Tn{q'^) contains the corrections to f±{q^ 



In particular, keeping the leading term in (|7.11|) and recalling the expression for the three 



point vertex T (Appendix A) we make contact with the result of Grinstein and Mende ^ . 

The couplings for even and odd n (odd and even parity, respectively) are related 
to the couplings appearing in a low energy meson effective lagrangian. In the notation of 
ref. we have the tree level structures: 

-^int = ^ 9abc4>a4>b(t>c , 

abc 

for even parity couplings, and 



^int = y] -T= 9abce^''d^(f)adiyC 
•i— ^ , / AT 



ibc 



for the odd parity couplings. Here (f)a represent meson interpolating fields and gnB-K = 
QniQ^ = fJ'n)/l^n- Accordiug to the analysis in ref. 0, all the on-shell effective couplings 
vanish in the chiral limit except the first one, n = 0, which approaches gsBn — ^- It is 
interesting to note though, that for non-zero pion mass the even and odd effective couplings 
have quite different sizes. Because no extra kinematical factor appears in the definition 
( [7.17| ) for even parity couplings, gn for odd n is typically ten times bigger than (jn for even 
n. 

The mechanism for the chiral supression is very interesting in itself. For resonances 
above threshold, > {^b + IJ^-kY ^ the on-shell coupling can be directly obtained from 
the value of the vertex function, T at the point u = uj{q^ = /i^), as solved from eq. (|7.8|). 
In fig. 5 we localize this point on the T graph for two different light quark masses. It is 
amusing to see that the source for the supression is not the shrinking of the T function 
itself, but the purely kinematical displacement of on-shell value of uj so that the value of the 
on-shell coupling "rolls down" to the left of the vertex peak as we approach the chiral limit. 
The vertex function itself actually grows in absolute value as we set niq 0. This means 
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Fig. 5: Vertex function T{B2\Bo, ttq; w) for the heavy quark mass mg = 2000 and 
two different values of the light quark mass: (a) ml = 0.3136, (b) = 0.01. Dots 
mark the values of the on-shell couplings. 

that non-local effects, missed by the local expansion of an effective lagrangian, may become 
very important for certain values of the parameters. When computing corrections in 
the full theory, it is the whole T function what enters as integrand in loop diagrams, and 
we see that an estimate of the corrections based on the size of the effective low-energy 
coupling might not be correct, as compared to the complete non-local computation. 
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8. A comment on analyticity 



When using the formulas of the preceeding section for f±(q'^) inside dispersion rela- 
tions one should shift to the pole: — ^ A*n- Actually, the question of analyticity is a subtle 
one in this formalism. Because we work in a non-covariant gauge, in a singular frame (the 
light-cone quantization surface), and with non-local effective interactions (the Coulomb 
force), the analyticity of the off-shell Green's functions is not manifest. In fact, as shown 
in refs. , analyticity can be directly verified in particular examples, although it follows 
from rather non-trivial identities satisfied by the bound-state wave functions. 

From the point of view of our effective hamiltonian ( |7.4| ) the problem is very clear. 
Since we have vertices for W emission by mesons, but no possible W decay into two mesons, 
we see that crossing symmetry is not manifest at tree level. To be more explicit, consider, 
for example, the space-like form factor F~^{q'^), defined as the IPI amplitude for B decay 
into and tt: 



F+{q'),.i = c{w+iq+)-n{P+ - q+) (g" - Pq") ^^-^(^" " ^o") 5(P+)) 



/ IPI 

.1) 



Now we have an extra O (1) contribution to ( p.l|) coming from the direct vertex B 
+ TT with the final result: 



" ^ / (8.2) 

+ 2P+{l-z) I dx (f)B{z + {l-z)x)(t>^{x) , 
Jo 

where z = q~^ /P~^. So, in addition to the superposition of resonances of the same form as 
in eq. ( |7.10|) , we get a quark model-type contribution due to the bare emission of by 
the heavy quark. (Formula ( |8.2|) agrees with the Bethe-Salpeter analysis of ref. 0].) 

As a consequence, eq. ( p.2|) seems to favor a two-component model for form factors 
(with bare, quark-model terms). In fact, there is no contradiction between ( |8.2| ) and 
( [7.10| ) , due to the subtle analytic properties of the three- vertex functions. We see that the 
time-like kinematics, 

^2 ^ /fB _^ A^TT 



and the space-like kinematics. 



U 1 — U! 



,1 = '-^ 



Z 1 
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are related by crossing: ^ B; ^ n'^; z ^ to. If we apply the crossing transforma- 
tion to the three- vertex T{Bn\B 7r;uj) appearing in (|7.10|) , and analytically continue wave 
functions through 't Hooft equation for x ^ [0, 1]: 

, f ^ ( XQ-l Xq-l\~^ (t)n{y) 

and further use the identity ( [7.16|) we easily recover result (|8.2|). 

Thus, in this formalism, the two-component model picture and the pure pole- 
dominance picture are complementary. Direct computation of the decay in the real kine- 
matical region q'^ < {fxs — IJ^-kY leads to eq. ( |8.2D and it looks like a two-component model. 
However, one cannot relate directly the three- meson coupling function T{B\Bn'K; z) ap- 
pearmg m Q to the three -meson coupling in a low-energy lagrangian because = 
cannot be reached with z G [0,1]. When the appropriate analytic extension to q^ > 
{fJ'B + fJ'n)'^ is considered, the quark model-type term is already included in the definiton 
of T(i?„|i?7r; w), which is directly related to the low-energy coupling when put on-shell, 
q^ = fj-n- As it was pointed out by Jaffe and Mende Jl^, inside dispersion relations one 
must use a sum rule to compute the residue at the poles outside the time-like kinematical 
region, fx'^ < {fXB +A*7r)^, because the interval {^b — /^tt)^ < q^ < {ij^b +A*7r)^ is not covered 



by either of the definitions (7.7) or (8.1 



9. Conclusions and outlook 

In this paper we have discussed some aspects of the interplay between the large- 
expansion and light-cone techniques in QCD. Because of the special properties of light- 
cone Fock spaces the large-A^ bound-state problem reduces to linear equations for the 
asymptotic bound states, without any need for complicated combinatorial arguments in- 
volving Feynman diagrams. Once the large- solution is known, the definition of effective 
many-body hamiltonians renders the 1/A^ expansion in terms of the asymptotic degrees 
of freedom completely systematic, and provides a diagrammatic technique for the meson- 
glueball theory. 

Although the general features of the method are largely independent of the space-time 
dimension, quantitative results were reported only for the case of two-dimensional QCD 
with fermions in the fundamental representation. This is because the effective hamiltonians 
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must be computed in terms of the large- iV solution, and the 't Hooft model is the only 
QCD-like theory for which a complete and simple parametrization of the large- physics 
is known. 

The main result of our analysis of corrections in QCD2 is that = 1/3 is 
effectively a small parameter, at least for moderately heavy quarks. The effective meson 
hamiltonian is weakly coupled with 1/A^ corrections to spectrum and form factors of order 
a few percent at most. However, the chiral limit looks rather singular as far as 1/A^ 
corrections are concerned. In particular, it seems unlikely that the chiral supression of 
higher resonances in S-meson form factors, as discussed in ref. 0, could survive 1/A^ 
corrections in the strict chiral limit. This is in fact very natural because Coleman's theorem 
forbids spontaneous symmetry breaking in the interacting model. It is well known that the 
N = 00 theory of mesons is non-interacting, and it simulates a scenario of chiral symmetry 
breaking, but we do not expect the two limits to commute. Indeed, from our analysis of 
spectrum corrections in sect. 6 we find that 1/A^ corrections renormalize the light quark 
masses in such a way that the chiral symmetry point becomes unstable. As a result, QCD2 
does not seem to be a good model for chiral dynamics beyond the planar limit. 

A general feature of the light-cone effective hamiltonians discussed here is that no 
low-energy expansion is required in principle, not even in practice for the two-dimensional 
case. In particular, we have pointed out some non-local effects for light quark masses 
that could be underestimated by local effective lagrangians. We also explained how some 
standard analyticity properties are obtained in a very indirect way in this formalism, in 
terms of non-trivial identities satisfied by the bound-state wave functions. 

An interesting point not developed in this paper is the formal analogy between our 
effective hamiltonians and those of light-cone string field theory. This analogy is based on 
both the structure of the states in the Fock space representation, and also the perturbation 
technique. In ref. it was shown that a Nambu-Goto open string with massive ends, 
quantized in the light-cone gauge, leads to 't Hooft bound-state equation as mass-shell 
condition. Thus, we can conjecture that our effective meson hamiltonian provides the 
string field theory construction for this string in the light-cone gauge. However, 't Hooft 
wave functions enter our construction only as an input. As a consequence, no further 
insights are provided towards a string interpretation of QCD2 in terms of the Gross- Taylor 
mapping rules [^, which can be considered as the ab initio definition of the pure Yang- 
Mills string. 
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Finally, regarding the four-dimensional generalization of these techniques, we may 
say that any practical application of effective light-cone hamiltonians to the computation 
of hadron interactions requires a good quantitave understanding of the large- A?" bound- 
state problem. Exact bound-state integral equations can be derived within the light- 
cone method, and the main simplification attained by the large-A limit is not a smaller 
hamiltonian, but a much simpler Fock space structure. This fact, combined with the 
structure of the corrections outlined in this paper, makes clear that the 1/N expansion is 
a very interesting tool in the light-cone approach to QCD. 
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Appendix A. Vertex functions 

We collect here the explicit expressions for the vertex functions as convolutions of 
wave functions. It is appropriate to define some related useful quantities like the meson 
decay constant, 

fn= I ^n{x) , (A.l) 

^0 

the quark-antiquark-meson vertex, 

and the quark-antiquark-meson-meson vertex, 

*n,m(a^;^,^) = f dy — . (A.3) 

^0 [X ~ y) 

We also recall the action of the symmetry operators: the charge conjugation operator. 



C : (j){x) 0(1 - x) , 
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the permutation operator on the right, 



Vr = {Ri ^ R2; u) I —oj) , 

and similarly for Vl acting on L-labels and z. 

We can now write the triple-meson vertex functions: 

T{L\R,R2;oj) = {1-CVr)-^ f dxci>L{x)ct>R, (-)^rJ''~'^ 



1-u 



1 f'^ / X \ fx — 



(A.4a) 



and 



T' {L\R^R2;u) = (1 -C) r dxcf>L{x)cf>R, (-) . (A.4b) 



The four-meson vertices coming from the BB + DD terms read 



J^B^+T)2{LiL2;z\RiR2;uj) = (I + CVr) 



-9{u-z)^—^j dx ^ _ ^ ^ 4>R2 (^) 



X ^fi^Hi ( 1 - (1 - a;) - — z,Lj ] + {L ^ R,LJ z 



(A.5a) 



and 



J^-B2+-D2{LiL2; z\RiR2; to) ^ (l+C) 



-e{u; - z) 



z{l-uj) 



f 

Jo 



X / dy4)L2 



1-z 



{z - a;)2 Jq 
y ) </'fl2 (y) + {L ^ R,uj ^ z) 



dx (j)Li{x)4>R^ (^^) 

(A.5b) 



Finally, the four-point vertices from the BD terms are given by: 



^bd{LiL2; z\RiR2; u)) 



2d{oj - z) 



1-u 



dx i 







1 - 



1-LO 
1-Z 



X (t)R^ (1 - a;) 



X ^'LiiJi ( ^ + (1 - x) z,u ] + {L ^ R,u ^ z) 



(A.6a) 
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and 



T^^{LiL2\z\RiR2;uj) = {l+C) e{u-z) 




dx(j)L^{x)(j)R^ (-X 



) 



X 



(A.6b) 
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